We show an equivariant bordism principle for constructing metrics of positive scalar curvature that are invariant under a given group action. Furthermore, we develop a new codimension-2 surgery technique which removes singular strata from fixed point free S 1 -manifolds while preserving equivariant positive scalar curvature. These results are applied to derive the following theorem: Each closed fixed point free S 1 -manifold of dimension at least 6 whose isotropy groups have odd order and whose union of maximal orbits is simply connected and not spin, carries an S 1 -invariant metric of positive scalar curvature.
Introduction
A classical theme in di¤erential geometry is the investigation of topological conditions that are necessary or su‰cient for the existence of a particular kind of geometric structure on a given smooth manifold. In the context of Riemannian metrics of positive scalar curvature, this question has revealed a strong link between subtle di¤erential topological invariants of smooth manifolds and their geometry. A prominent role in this context is played by an e¤ective method for constructing metrics of positive scalar curvature described in the seminal work by Gromov-Lawson [7] and Schoen-Yau [26] : The class of smooth manifolds admitting metrics of positive scalar curvature is closed under surgery in codimension at least three. Based on this principle, the existence question for positive scalar curvature metrics can be translated into a bordism problem that is then discussed with the help of powerful algebraic-topological means. The e¤ectiveness of this approach is illustrated by the following result, which provides a complete classification of simply connected closed manifolds of dimension at least 5 that admit metrics of positive scalar curvature.
Theorem. Let M be a closed simply connected manifold of dimension at least 5.
(i) (Gromov-Lawson [7] ) If M does not admit a spin structure, then M carries a metric of positive scalar curvature.
(ii) (Lichnerowicz [14] , Hitchin [8] , Stolz [27] ) If M admits a spin structure, then M carries a metric of positive scalar curvature if and only if aðMÞ ¼ 0.
Here aðMÞ A KO n is an invariant (defined in [8] ) closely related toÂ AðMÞ. For nonsimply connected manifolds, there are refined versions of this obstruction with values in the K-theory of certain C Ã -algebras associated to the fundamental group of M. A complete classification of manifolds admitting metrics of positive scalar curvature is not known, even in the case of finite fundamental groups.
We will investigate the positive scalar curvature question in an equivariant context: Given a closed smooth manifold M equipped with a smooth action of a compact Lie group G, does M admit a positive scalar curvature metric which is invariant under the G-action? Even if M admits a (nonequivariant) metric of positive scalar curvature, this may be a nontrivial problem: Bérard Bergery shows in [2] , Example 9.1, that averaging a positive scalar curvature metric over a group of symmetries may destroy the positivity of the scalar curvature.
If G is finite and the action on M is free, this problem is equivalent to asking whether M=G, a closed manifold whose fundamental group is a certain extension of G (assuming that M is connected), admits a metric of positive scalar curvature-and this is a nonequivariant question. Another extreme case is that of (not necessarily free) actions of compact Lie groups whose identity components are non-abelian. This problem is completely settled by the following result.
Theorem (Lawson-Yau [13] ). If a compact connected manifold M is equipped with an e¤ective action of a compact Lie group G whose identity component is non-abelian, then it admits a Riemannian metric of positive scalar curvature which is invariant under the given G-action.
In its original form, this theorem only states that M carries a Riemannian metric of positive scalar curvature, but one easily checks that the construction in loc. cit. yields a metric which is in fact also G-invariant.
The proofs of the Lawson-Yau theorem and of the Gromov-Lawson and Stolz theorems di¤er in an essential way: The first one yields an explicit metric of positive scalar curvature. In contrast, the proofs of the latter are based on structure results for the oriented and spin bordism rings which rely on homotopy theoretic considerations. In particular, they do not provide a direct description of the positive scalar curvature metrics in question.
Important aspects of the equivariant positive scalar curvature problem were discussed by Bérard Bergery in [2] . In this paper the Kazdan-Warner trichotomy, the Yamabe problem, the index obstruction to positive scalar curvature and the surgery principle for constructing metrics of positive scalar curvature are formulated in an equivariant context.
Further elaborations of the index theoretic obstruction in the case of S 1 -manifolds are carried out by Lott in [15] . Rosenberg-Weinberger [25] provide an ad-hoc discussion of an equivariant bordism principle for constructing metrics of positive scalar curvature on simply connected manifolds which are invariant under spin preserving Z=p-actions, see Theorem 2.3 in loc. cit. However, the proof contained in this paper requires more assumptions than stated in the theorem (see the discussion following Corollary 16 below). Relying on this (potentially problematic) result, Farsi [6] has discussed some instances of the equivariant positive scalar curvature problem on spin manifolds of low dimension equipped with Z=p-actions.
Our work is devoted to a systematic exploration of the surgery and bordism techniques for constructing equivariant positive scalar curvature metrics. Part of the nonequivariant discussion can be translated more or less directly to the equivariant context. This applies in particular to the surgery principle of Gromov-Lawson and Schoen-Yau. The paper [2] formulates an equivariant analogue of this fundamental result (see [2] , Theorem 11.1) without proof. In Section 2 of our work, we will recapitulate the essential steps of the argument in [7] and will explain how they translate to an equivariant setting.
The following Section 3 is devoted to a proof of the first main result, a general bordism principle for constructing equivariant positive scalar curvature metrics.
Theorem A. Let Z be a compact connected oriented G-bordism between the closed G-manifolds X and Y . Assume the following:
(i) The cohomogeneity of Z is at least 6.
(ii) The inclusion of maximal orbits Y max ,! Z max is a nonequivariant 2-equivalence (i.e. a bijection on p 0 , an isomorphism on p 1 and a surjection on p 2 ).
(iii) Each singular stratum of codimension 2 in Z meets Y .
Then, if X admits a G-invariant metric of positive scalar curvature, the same is true for Y .
This statement makes clear that the bordism principle for constructing equivariant metrics of positive scalar curvature metrics does definitely not require a strong gap hypothesis as envisaged in [25] , Remark 2.4, where the authors assume that for any two closed subgroups H; K H G with K H H, the codimension of each component of Z ðHÞ contained in the closure of Z ðKÞ is either 0 or at least 3 in Z ðKÞ (here Z ðHÞ denotes the set of points in Z whose isotropy groups are conjugate to H).
Our Theorem A is almost a direct analogue of the corresponding nonequivariant result (see [28] , Theorem 3.3). In particular the dimension restriction (i) and the connectivity restriction for the inclusion Y max ,! Z max stated in point (ii) translate to analogous requirements in the nonequivariant setting if G ¼ f1g. However, if G is not trivial, we need an additional assumption on codimension-2 singular strata. The plausibility of such an assumption is illustrated in Proposition 17: Any equivariant handle decomposition of Z=pbordisms Z with codimension-2 fixed point components disjoint from Y contain handles of codimension 0 or 2 (independent of the connectivity of the map Y max ,! Z max ). This points towards a fundamental limitation of the method of equivariant handle decompositions to construct equivariant metrics of positive scalar curvature.
Theorem A is useful for constructing equivariant metrics of positive scalar curvature only if it can be combined with powerful structure results for geometric equivariant bordism groups, which imply that the manifold X in Theorem A can be assumed to admit an equivariant positive scalar curvature metric under some general assumptions on the manifold Y . Two main di‰culties occur at this point. Firstly, explicit geometric generators of equivariant bordism groups are known only in a very limited number of cases. Secondly, whereas conditions (i) and (ii) in Theorem A can be achieved under fairly general assumptions on the manifold Y (by performing appropriate surgeries on Z max -cf. the second proof of Proposition 33), it is a priori not clear under what circumstances condition (iii) holds.
In sections 4 and 5, we shall present a way to avoid the di‰culties inherent in condition (iii) if G ¼ S 1 and the G-action on Z is fixed point free. The idea we use is to alter a given bordism Z by cutting out equivariant tubes connecting Y with each of the codimension-2 singular strata in Z that are disjoint from Y . This replaces the bordism Z and the manifold Y by other manifolds Z 0 and Y 0 so that each codimension-2 singular stratum in Z 0 meets Y 0 . In particular, Theorem A can be applied to Z 0 (after some more manipulations of Z 0 , but we omit these details here). We must now understand how Y can be recovered from Y 0 . A closer inspection of the situation shows that Y 0 is obtained from Y by adding certain codimension-2 singular strata with finite isotropies. Conversely, Y can be reconstructed from Y 0 by a Dehn-like codimension-2 surgery process that removes these additional singular strata and puts back free ones instead. The examination of this surgery step is the content of Section 4. In Theorem 25 of this section we show by a somewhat involved geometric argument that this surgery step preserves the existence of S 1 -invariant positive scalar curvature metrics under fairly general assumptions. Roughly speaking, we replace the ''bending outwards'' process in the surgery step due to Gromov-Lawson and Schoen-Yau by a ''bending inwards'' process. We remark that this kind of positive scalar curvature preserving codimension-2 surgery only works under the additional S 1 -symmetry.
Arguing in this rather roundabout manner, assumption (iii) of Theorem A is no longer a true obstacle against the construction of equivariant positive scalar curvature metrics on fixed point free S 1 -manifolds. In combination with a classical theorem of Ossa [22] , which states that fixed point free oriented S 1 -manifolds satisfying condition C (cf. Definition 18) are oriented S 1 -boundaries, we get the following equivariant version of the Gromov-Lawson theorem stated above.
Theorem B. Let M be a closed fixed point free S 1 -manifold satisfying condition C and of cohomogeneity at least 5. If the union of maximal orbits of M is simply connected and does not admit a spin structure, then M admits an S 1 -invariant metric of positive scalar curvature.
By Lemma 19, the manifold M satisfies condition C, if all isotropy groups have odd order. We remark that no additional assumption on codimension-2 singular strata in M is needed in Theorem B. It is not clear at present to what extent Ossa's theorem can be generalized to the spin case, so that we will not discuss the corresponding S 1 -equivariant analogue of Stolz' theorem in this paper.
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Equivariant surgery theorem
where H H G is a closed subgroup and DðV Þ and DðW Þ are unit discs in some orthogonal H-representations V and W . We call dim V the dimension and dim W the codimension of the G-handle in question.
If Z is a smooth G-manifold with boundary and
is a G-equivariant embedding, we can glue the given G-handle to Z along f and obtain a G-space
which can canonically be equipped with the structure of a smooth G-manifold by straightening corners. We say that Z 0 is obtained from Z by attaching the given G-handle. Correspondingly we call the subset
the attaching sphere of the G-handle. If M is a smooth G-manifold, Z :¼ M Â ð0; 1 and Z 0 is obtained from Z by attaching a G-handle of dimension d f 0 and codimension c f 0 to qZ (which can be identified with M), we say that qZ 0 is obtained from M by equivariant surgery of dimension d À 1 and codimension c (in the case when G is a finite group, these numbers refer to the dimension and codimension of the attaching sphere in M). In this terminology, equivariant surgery of dimension À1 (i.e. d ¼ 0) amounts to adding a disjoint component of the form
The equivariant generalization of the surgery result due to Gromov-Lawson and Schoen-Yau is fairly straightforward as was already remarked in [2] .
Theorem 2 (cf. [2] , Theorem 11.1). Let M be a (not necessarily compact) G-manifold equipped with a G-invariant metric of positive scalar curvature and let N be obtained from M by equivariant surgery of codimension at least 3. Then N carries a G-invariant metric of positive scalar curvature which can be assumed to coincide with the given metric on M outside a prescribed neighbourhood (which may be arbitrarily small ) around the attaching sphere in M.
Proof. We start with an equivariant embedding
After blowing up the metric on M if we wish to increase the injectivity radius of M, we can (up to G-isotopy) assume that the radial lines in DðW Þ are mapped to unit speed geodesics in M that are orthogonal to the attaching sphere
The generalization of the construction in [7] to the equivariant situation is possible because the crucial part of the argument uses the distance from the attaching sphere in M and in the equivariant context, this is automatically a G-equivariant function.
For completeness and because [2] contains only a sketch of the proof, we summarize the essential steps of the construction.
is of dimension 0 (this case-which may very well occur-is usually skipped in the literature), then the corresponding surgery step amounts to adding a new component of the form From now on, we assume that dim V f 1. Let g be the given metric on M. We consider the pull back metric f Ã ðgÞ on
For 0 < e < 1 let f Ã ðgÞ e denote this pull back metric restricted to
where S e ðW Þ is the e-sphere in W (with respect to the given euclidean metric on W ). Note that we have a G-fibre bundle
which is nothing but the e-sphere bundle (with respect to the metric f Ã ðgÞ) of the fibration
However, the metric f Ã ðgÞ e on G Â H À SðV Þ Â S e ðW Þ Á will not, in general, be a Riemannian submersion metric.
We now construct a Riemannian submersion metric h e on this bundle which is uniquely characterized by the following properties:
(i) On the base G Â H SðV Þ it is the restriction of f Ã ðgÞ.
(ii) On the fibres it is the usual round metric on S e ðW Þ.
(iii) The horizontal subspaces are determined by the normal connection of the embedding f
The fibres S e ðW Þ are totally geodesic with respect to h e . We pick a G-invariant metric on G Â H DðV Þ which near the boundary is the product metric f Ã ðgÞj GÂ H SðV Þ l dr 2 (where r denotes the radial coordinate in DðV Þ). Using this, we construct a G-invariant submersion metric h e on the bundle
which is a G-equivariant product h e l dt 2 near the boundary and has totally geodesic fibres S e ðW Þ. Because dim SðW Þ f 2, an application of the O'Neill formula shows that there is a small e 0 > 0 such that h e has positive scalar curvature for all 0 < e < e 0 .
The following fact is the equivariant version of the crucial ''bending outwards'' process described in the work of Gromov-Lawson [7] (see also the elaborations of this argument in [24] and [30] ). Again, the proof in the equivariant case does not lead to any further complications so that we confine ourselves to a clear statement of the relevant fact.
There is a T A R þ and a G-invariant metric g of positive scalar curvature on
and on the right-hand part G Â H À SðV Þ Â SðW Þ Á Â ðT À d; T , is a Riemannian product metric h e l dt 2 . Here e can be chosen arbitrarily in some interval ð0; e 1 Þ where e 1 > 0 is an appropriately chosen small constant.
We now pick some e in the interval À 0; minðe 0 ; e 1 Þ Á and glue the piece
and then glue the Riemannian manifold
to the boundary of the resulting space. The manifold thus obtained is G-di¤eomorphic to N and carries a G-invariant metric of positive scalar curvature by construction. r
Equivariant bordism theorem
The reduction of the construction of (nonequivariant) positive scalar curvature metrics to a bordism problem relies on the fact that a bordism Z (which is always assumed to be compact) between two closed manifolds X and Y can be decomposed into a series of handle attachments and that the (co-)dimensions of these handles can be controlled in terms of the connectivity of the map Y ,! Z. This uses the existence of Morse functions on Z and the technique of handle cancelations. For an exposition of these methods, see e.g. [11] , [16] , [19] , [20] . If the inclusion Y ,! Z is a 2-equivalence, this implies that Y can be obtained from X by a series of surgeries of codimension at least 3 so that Y carries a metric of positive scalar curvature if X carries such a metric.
Not all of these steps carry over directly to the equivariant case. Indeed, it was observed by Wassermann [29] that Morse theory can be formulated in an equivariant setting and can be used to construct decompositions of closed smooth G-manifolds into G-handles. However, it is well known that handle cancellation does not work in the equivariant context in full generality. This leads to counterexamples to equivariant analogues of the h-and s-cobordism theorems (see e.g. [9] , [10] ) and is also a main obstacle against translating Wall's surgery theory to an equivariant setting. In order to circumvent these di‰culties, one usually works with gap hypotheses of the form that each singular stratum which is properly contained in the closure of another singular stratum F must have a large enough codimension in F (cf. [1] ) or one formulates the s-cobordism theorem in an isovariant context, see e.g. [17] , Theorem 4.42. In some sense, Theorem A follows this isovariant viewpoint.
Our proof of this result is based on two observations. The first one is that we need to cancel only G-handles in Z of codimension less than 3 so that the full power of a handle cancellation machinery is not necessary. The second-Lemma 13 below-is that the codimensions of G-handles occurring in Z are related to the codimensions of the singular strata to which they are attached if the handle decomposition of Z is induced by a G-Morse function which is special in the sense of [18] .
We start by recalling some important notions from equivariant di¤erential topology. Let G be a compact Lie group and let M be a smooth G-manifold. For a closed subgroup H H G, we denote by ðHÞ the conjugacy class of H in G. The set of conjugacy classes of subgroups of G is partially ordered by writing ðHÞ e ðKÞ if and only if H is conjugate to a subgroup of K. For x A M let G x H G be the isotropy group of x. Furthermore, we use the following notation:
The space M H is a closed submanifold of M, but usually consists of di¤erent orbit types and is in general not G-invariant unless G is abelian.
In contrast, M ðHÞ is an (in general not closed) G-submanifold of M. The space M ðHÞ is called the H-orbit bundle of M. It consists of all points in M with isotropy groups con-jugate to H and these form exactly those G-orbits which are G-di¤eomorphic to the left G-space G=H. There is a G-fibre bundle G=H ,! M ðHÞ ! M ðHÞ =G:
We cite Proposition 3 ([5], Theorem (5.14) ). Suppose M is a G-manifold and M=G is connected. Then there exists a unique isotropy type ðHÞ such that M ðHÞ is open and dense in M. The space M ðHÞ =G is connected. Each isotropy type ðKÞ satisfies ðHÞ e ðKÞ. The set M H intersects each orbit.
We call the space G=H with H as in the last proposition the principal (or maximal ) orbit type of M. Accordingly we call ðHÞ the minimal isotropy type. From now on we denote the minimal isotropy type by ðH min Þ and use the shorthand notation The following example illustrates how di¤erent singular strata in a given G-manifold can be related to each other. Example 4. Let V 2 and V 3 be the irreducible one dimensional complex Z=6representations of weights 2 and 3 respectively. Then the S 1 -manifold
has three singular strata with isotropy groups Z=2, Z=3 and Z=6. The singular strata with isotropy Z=2 and Z=3 are not closed in M. More precisely, the intersection of the closures of these two singular strata is the third singular stratum with isotropy Z=6. The maximal orbit type of M is equal to S 1 (in other words, the given S 1 -action is e¤ective) and the cohomogeneity of M is equal to 4. Now we give those notions and results from equivariant Morse theory that are important for our discussion. We will mainly refer to the papers of Mayer [18] and Wassermann [29] . If M contains just one orbit type, then M=G is a smooth manifold and it is clear that G-Morse functions M ! R and ordinary Morse functions M=G ! R are in one-to-one correspondence.
Similar to the nonequivariant case, we have . . . ; d r be the indices and c 1 ; . . . ; c r be the coindices of f at these critical orbits. Then f À1 À ðÀy; b Á is equivariantly di¤eomorphic to f À1 À ðÀy; a Á with finitely many disjoint Ghandles
Here ðH i Þ is the isotropy type of the orbit O i and dim V i ¼ d i . Furthermore, after a choice of appropriate coordinates, the Morse function f restricted to a slice DðV i Þ Â DðW i Þ has the standard form
As an immediate corollary of these results, each closed G-manifold admits a G-handle decomposition.
Now let X and Y be closed G-manifolds and let Z be a G-bordism from X to Y , i.e. Z is a compact G-manifold whose boundary splits as the disjoint union of X and Y . In this special case we call a smooth G-equivariant map f : Z ! R a G-Morse function if in addition to the previous requirements it satisfies
the critical values of f are di¤erent from 0 and 1.
For smooth G-equivariant maps Z ! ½0; 1 with these additional properties, analogues of the Density Lemma 6 as well as of the passage-through-critical-orbits Lemma 7 hold.
Corollary 8. Let Z be a compact G-bordism from X to Y where X and Y are closed G-manifolds. Then the manifold Z can be obtained from X Â ½0; 1 by successively attaching finitely many G-handles.
If we wish to use this result for constructing G-invariant positive scalar curvature metrics, we need to control the codimensions of the handles occuring in such a G-handle decomposition. This is possible by use of special G-Morse functions that were introduced by Mayer in [18] . Note that if f : M ! R is a G-Morse function, then the restriction of f to every orbit bundle M ðHÞ has the same critical orbits and is also a G-Morse function (see [18] , Satz 3.1). However, it can be shown by easy examples that in general the indices of f and of the restricted Morse function do not coincide. This motivates the following definition.
Here ðHÞ is the isotropy type of O.
For special G-Morse functions we have the following genericity statement. A similar statement holds for special G-Morse functions defined on bordisms between two closed G-manifolds X and Y .
We get the following variant of Lemma 7. Then f j f À1 ½a; b has finitely many critical orbits
Here ðH i Þ is the isotropy type of the orbit O i and H i acts trivially on the unit discs D d i for 1 e i e r.
A similar statement holds for special G-Morse functions defined on compact Gbordisms Z. From now on we will speak of G-handles of the form G Â H À D d Â DðW Þ Á as special G-handles.
One pleasant feature of special G-Morse functions is that they lead directly to G-CW structures on the given manifolds, see [18] , Satz 3.3.
Before we state and prove the main result of this section, we need three more preparatory lemmas. The first one says that we have some control on the order in which G-handles occur if we work with special G-Morse functions. In these equivalences, ðKÞ is the isotropy type of O.
Proof. Assume that U is a critical orbit of isotropy type ðLÞ e ðHÞ. Passage through U corresponds to attaching a G-handle of the form
The isotropy types occuring in this G-handle are smaller than or equal to ðLÞ and hence smaller than or equal to ðHÞ. Now let O be a critical orbit and let ðKÞ be its isotropy type. Because we are dealing with special G-Morse functions, the attaching sphere of the handle associated to O is of the form
with K acting trivially on S d . If ðKÞ K ðHÞ, then this attaching sphere must be disjoint from the first G-handle associated to U. The order in which the two G-handles are attached can therefore be interchanged by adapting the given special G-Morse function appropriately.
Hence we can assume that there is a noncritical value c of f such that for each critical orbit
where ðKÞ is the isotropy type of O. As before we can now argue that of the remaining G-handles, those of isotropy exactly ðHÞ are attached before those of isotropy type strictly smaller than ðHÞ. This proves the existence of the second noncritical value d with the stated property. r
The next lemma gives an important relation between the codimensions of G-handles and the codimensions of the associated G-strata. Again it is crucial to work with decompositions into special G-handles.
Lemma 13. Let Z be a G-manifold with boundary and let
Then the codimension of F in Z and the dimension of W are related by the inequality codim F e dim W :
becauce H acts trivially on D d and hence G Â H ðD d Â 0Þ is completely contained in F . Assuming dim F e dim Z À dim W À 1, we therefore obtain
Finally we need an invariance statement for the G-homotopy type of certain singular strata under G-handle attachments.
Lemma 14. Let Z be a G-manifold with boundary and let
be obtained from Z by attaching a G-handle such that H acts trivially on W (this condition is in some sense dual to that of being a special G-handle). If ðKÞ 3 ðHÞ, then there exists a G-homotopy equivalence Z ðKÞ F Z 0 ðKÞ :
Proof. Because H acts trivially on W and ðKÞ 3 ðHÞ, we have
and this (together with the fact that V and W are linear H-spaces) implies that the inclusion
Now we can formulate a bordism principle-Theorem A from the introduction-for constructing G-invariant metrics of positive scalar curvature. In view of the Lawson-Yau theorem stated in the introduction, its main purpose is for Lie groups whose identity components are abelian. Recall that a singular stratum in a connected G-manifold M is a connected component of some M ðHÞ where ðHÞ 3 ðH min Þ. Singular strata are G-invariant submanifolds, but need not be compact even if M is compact (cf. Example 4).
Theorem 15. Let Z be a compact connected oriented G-bordism (with G acting by orientation preserving maps) between the closed G-manifolds X and Y . Assume the following:
Proof. Let f : Z ! ½0; 1 be a special G-Morse function. We will replace f by a special G-Morse function without critical orbits of coindex 0, 1 or 2. By Lemma 13, all critical orbits of f which are of this form are contained in singular strata of codimension less than 3 in Z. Because Z is oriented and G acts in an orientation preserving fashion, there are no codimension-1 singular strata in Z.
In a first step, we will take care of the singular strata of codimension 2 that contain critical orbits of coindex less than 3. Because f is special, the coindex of these critical orbits is exactly 2.
Let F H Z be a singular stratum of codimension 2 (which need not be compact) of isotropy type ðHÞ and containing coindex-2 critical orbits of f . We will remove the critical orbits of coindex 2 from F without changing f around the other singular strata in Z.
By applying Lemma 12 to the subgroup H, we can assume without loss of generality that there are noncritical values 0
is a G-homotopy equivalence by Lemma 14 (recall that f is special, so Àf induces a decomposition into G-handles of the form described in Lemma 14) and hence induces a bijection of connected components. This implies that each component F 1 ; . . . ; F k of F X f À1 ½c; d has nonempty intersection with f À1 ðdÞ. We will now concentrate on the partial bordism
By construction, the critical orbits of the special G-Morse function f j P : P ! ½c; d are exactly those critical orbits of f which are of isotropy type ðHÞ. Hence the restriction f j P ðHÞ induces a finite G-handle decomposition of P ðHÞ and all critical orbits of f j F are contained in P ðHÞ . It is therefore enough to remove all coindex-2 critical orbits of f j P which are contained in F X P, but without changing f j P near the boundary qP :¼ f À1 ðcÞ W f À1 ðdÞ H P and around singular strata in P that are di¤erent from F 1 ; . . . ; F k . We do this seperately for each component C H F X P.
Using the fact that C has nonempty intersection with f À1 ðdÞ (see above), we can use a (relative form of a) nonequivariant handle cancellation on the induced handle decomposition of C=G (see e.g. [20] , Theorem 8.1) in order to obtain a G-Morse function h : C ! ½c; d without coindex 0 critical orbits, which coincides with f j C near C X qP and outside a compact subset K H C. Note that C contains just one orbit type so that h is automatically a special G-Morse function. By (a relative form of ) Lemma 10 we find a special G-Morse function P ! ½c; d whose restriction to C coincides with h and which is equal to f j P near qP and near the singular strata in P that are di¤erent from C. Because the codimension of C in P is 2, the critical orbits in C of this special G-Morse function are of coindex at least 1 þ 2 ¼ 3.
This new special G-Morse function might have more critical orbits than f , but these do not lie on singular strata and are hence of minimal isotropy type. But critical orbits of minimal isotropy type (i.e. lying in Z max ) will be taken care of later.
We carry out the same process for all other components of F X P and obtain a special G-Morse function P ! ½c; d which coincides with f j P near qP and near those singular strata in P that are di¤erent from a component of F X P. We combine this new special G-Morse function on P with the old G-Morse function f j ZnP in order to produce a special G-Morse function Z ! ½0; 1 with no critical orbits of coindex 2 in F , which coincides with f near the singular strata di¤erent from F .
After applying this procedure several times, we get a special G-Morse function f : Z ! ½0; 1 such that no singular stratum of codimension 2 contains a critical orbit of coindex less than 3.
We now remove the critical orbits of coindex 0, 1 or 2 in Z max . Arguing similarly as before we can assume that there is a noncritical value c of f so that P :¼ f À1 ½c; 1 contains exactly those critical orbits of f that are maximal. In particular, we get an induced handle decomposition of P max . Because the inclusion Y max ,! P max is a 2-equivalence (this uses assumption (ii) in Theorem 15 as well as Lemma 14), the same is true for the inclusion of orbit spaces Y max =G ,! P max =G by comparing the long exact homotopy sequences for the respective G=H min -fibrations. We can now use nonequivariant handle cancellation on P max =G to find a handle decomposition of this space without codimension 0, 1 or 2 handles. For the non-simply connected case, this is explained carefully in [16] . Note that by assumption, P max =G is oriented and of dimension at least 6 so that the requirements for performing handle cancellation are fulfilled.
We end up with a special Morse function f : Z ! ½0; 1 without critical orbits of coindex less than 3. The equivariant surgery principle (Theorem 2) finishes the proof of Theorem 15. r
The connectivity assumption (ii) of Theorem 15 reduces to a corresponding assumption in the nonequivariant bordism principle if G is trivial. It is clear that the map Y max ,! Z max is a 2-equivalence if the inclusion Y ,! Z is a 2-equivalence and Z does not contain singular strata of codimension 2 or 3. However, we have not been able to replace condition (ii) by a connectivity assumption on Y ,! Z if singular strata of codimension 2 or 3 occur in Z. Assumption (iii) can be viewed as the condition that the inclusion Y ,! Z restricted to singular strata of codimension 2 be a 0-equivalence (i.e. it induces a surjective map on p 0 ). We will make a few comments on the cohomogeneity restriction (i) of Theorem 15 at the end of this section.
The following corollary of Theorem 15 is immediate.
Corollary 16 (cf. [25] , Theorem 2.3). Let Z=p act smoothly on a closed simply connected spin manifold M n where n f 5 and p is an odd prime, preserving a spin structure. Assume furthermore that M is equivariantly cobordant to another (not necessarily connected ) spin Z=p-manifold M 0 by a bordism W whose fixed set W Z=p does not contain components of codimension 2. If M 0 has an invariant metric of positive scalar curvature, then so does M.
Proof. Because p is odd, W only contains fixed components of even codimension and so the singular strata in W have codimension at least 4. Because Z=p is a 0-dimensional Lie group, the cohomogeneity assumption in Theorem 15 is satisfied. We can kill p 1 ðW Þ and p 2 ðW Þ by performing surgeries on the free part of the interior of W and therefore assume that M ,! W is a 2-equivalence. This is equivalent to M max ,! W max being a 2-equivalence because the singular strata in W are of codimension at least 4. r
The original formulation in [25] requires that only the codimensions of singular strata contained in M be at least 4. The proof presented in loc. cit. argues that the fixed set W Z=p can be built from ðM 0 Þ Z=p Â ½0; 1 by successive handle attachments. These handles are then thickened inside W and thus replaced by handles of codimension at least 4 in W if the codimension of W Z=p in W (!) is assumed to be at least 4. The remaining (free) part of W is then constructed by successive handle attachments to the union of M 0 and the thickening of W Z=p obtained before. The codimensions of these handles can be controlled by the topological assumptions on M. However, we do not understand how this proof works if there are codimension-2 components in W Z=p that are disjoint from M (see the following Proposition 17). If we assume that each codimension-2 component in W touches M and MnM Z=p ,! W nW Z=p is a 2-equivalence, then our Theorem 15 shows that an invariant metric of positive scalar curvature on M 0 can still be pushed through the bordism in order to produce one on M. So, in fact, our codimension-2 restriction is rather the opposite of the one proposed in [25] , Theorem 2.3.
The following proposition shows that in the case of codimension-2 fixed components in Z that do not touch Y , any special Z=p-handle decomposition of Z contains handles of codimension 2. This points towards a clear limitation of using (conventional) equivariant handle decompositions for constructing equivariant positive scalar curvature metrics and shows that a new idea is needed in order to deal with assumption (iii) in Theorem 15.
Proposition 17. Let Z be a compact Z=p-bordism (p an odd prime) between the closed Z=p-manifolds X and Y . Assume that Z contains a fixed component of codimension 2 that is disjoint from Y . Then any Z=p-handle decomposition of Z (starting from X Â ½0; 1) contains handles of codimension 0 or codimension 2.
Proof. Each such handle decomposition is associated to a Z=p-Morse function f : Z ! R:
By assumption, the restriction of f to the fixed point set Z Z=p must have a local maximum
Then x is a critical orbit of f of coindex 0 or 2 (it is of coindex exactly 2 if f happens to be special). r One might speculate that Theorem 15 could be used to give an alternative proof of the Lawson-Yau theorem stated in the introduction. However, we have not been able to carry this out. We remark again that in the proof of the Lawson-Yau theorem, an explicit metric with the required properties is constructed, whereas the metric on Y prescribed by Theorem 15 depends on the given bordism Z and is therefore di‰cult to make explicit.
We conclude this section with some remarks on the cohomogeneity assumption (i) in Theorem 15. The necessity of this assumption is obvious if G is finite because a similar dimension restriction appears in the nonequivariant case. We will therefore concentrate on S 1 -actions.
Let M be a closed symplectic non-spin simply connected 4-manifold with b þ 2 ðMÞ f 2. Then M does not admit a positive scalar curvature metric by Seiberg-Witten theory (see [21] , Corollary 2.3.8 in combination with Theorem 3.3.29). By [2] , Theorem C (cf. Lemma 32 below), the free S 1 -manifold Y :¼ M Â S 1 (with S 1 acting trivially on M) does not admit an S 1 -invariant metric of positive scalar curvature, because the quotient manifold ðM Â S 1 Þ=S 1 ¼ M does not admit such a metric. Moreover, the oriented bordism group W SO 4 is generated by the bordism class of CP 2 and hence the manifold M is oriented bordant to a manifold X which carries a metric of positive scalar curvature. The inclusion M ,! W into such a bordism can be assumed to be a 2-equivalence by performing appropriate surgeries on W , since M is simply connected, is not spin and dim W ¼ 5. The manifold W Â S 1 is then an S 1 -bordism between X Â S 1 and M Â S 1 , and moreover the S 1 -manifold X Â S 1 admits an invariant metric of positive scalar curvature and the inclusion M Â S 1 ,! W Â S 1 is a 2-equivalence. However, the cohomogeneity of W Â S 1 is equal to 5 (and in particular smaller than 6).
Resolution of singularities
We now specialize our discussion to fixed point free S 1 -manifolds. It turns out that in this case, the assumption on codimension-2 singular strata in Theorem 15 can be dropped if Y max is simply connected and not spin. This improvement is based on a new surgery technique which enables us to remove codimension-2 singular strata from fixed point free S 1 -manifolds while preserving a given invariant positive scalar curvature metric. In this section, we will work out the details of this procedure before we discuss the improvement of Theorem 15 in the next Section 5.
We will first describe the surgery step and discuss some technical conditions needed in the geometric analysis of this situation before we finally state and prove the preservation of invariant positive scalar curvature metrics under the surgery in Theorem 25.
Let M be a closed fixed point free S 1 -manifold of dimension n f 3 and let f : Because SðW Þ=H can be identified with S 1 , the S 1 -principal bundle
and considering SðW Þ=H as the boundary of D 2 , we can glue the free S 1 -manifold S 1 Â S nÀ3 Â D 2 back to MnimðfÞ to get a new S 1 -manifold M 0 . The manifold M 0 is constructed from M by removing the singular stratum F :
Á via a kind of codimension-2 surgery. This surgery step is di¤erent from the equivariant surgery described at the beginning of Section 2. We will refer to M 0 as being obtained from M by a resolution of the codimension-2 singular stratum F . We remark that in general this surgery step depends on the choice of the trivialization w.
Before proceeding, we need to impose some restrictions on the S 1 -actions under consideration.
Definition 18 (cf. [22] , p. 46). Let M be a compact S 1 -manifold. We say that M satisfies condition C if for each closed subgroup H H S 1 , the S 1 -equivariant normal bundle of the closed submanifold M H H M (which may contain di¤erent isotropy types) is equipped with the structure of a complex S 1 -bundle such that the following compatibility condition holds: If K; H H S 1 are two closed subgroups and K H H, then the restriction of the normal bundle of M K H M to M H is a direct summand of the normal bundle of M H H M as a complex S 1 -bundle.
Note that the singular strata of an S 1 -manifold satisfying condition C always have even codimension. The following lemma shows that S 1 -actions satisfying condition C occur naturally in many situations. Here x i A Z is di¤erent from 0 and not a multiple of jHj if H is a finite group. The complex structure on V i is uniquely determined if we require that x i > 0 if H ¼ S 1 , resp.
jHj À 1 2 modjHj if H is finite. We conclude that n x carries a canonical induced structure of a complex H-representation. r Lemma 20. Let Z be a compact S 1 -bordism satisfying condition C and assume that Z is decomposed into special S 1 -handles of the form
Then each of these S 1 -handles is equipped with the following additional structure: If K H S 1 is a closed subgroup with K H H and we decompose the orthogonal H-representation W as
then the H-representation ðW K Þ ? , which is H-invariant because S 1 is abelian, carries the structure of a unitary H-representation that is compatible with the given orthogonal Hstructure.
Proof. This holds because each such S 1 -handle is equivariantly embedded in Z and the normal bundle of the K-fixed set
The next definition is of a rather technical nature. These properties of S 1 -actions play a crucial role in our proofs, but do not appear in the final theorems.
Definition 21. Let M be a manifold equipped with an S 1 -action t and with an S 1 -invariant Riemannian metric g.
(i) The metric is called scaled if the S 1 -action is fixed point free and the vector field on M generated by the action has constant length, called the scale of the action.
(ii) We call g normally symmetric in codimension 2 if the following holds: Let H H S 1 be a closed subgroup and let F H M H be a component of the H-fixed subset in M which is of codimension 2 in M (recall that F is a closed S 1 -invariant submanifold of M). Then there exists an S 1 -invariant tubular neighbourhood N F H M of F together with a second isometric S 1 -action s F on N F that commutes with t and has fixed point set F .
If an S 1 -invariant metric on M has scale s, then the length of an orbit with isotropy H is exactly ð2psÞ=jHj. We remind the reader of the following special case of the O'Neill formula (see [3] , 9.37): Let
be a Riemannian submersion with totally geodesic fibres S 1 (necessarily of constant length, if B is connected). Then the scalar curvatures of E and B are related by the formula
x A E and A is the tensor field on E defined in [3] , 9.20. This makes clear why we prefer to work with invariant metrics of positive scalar curvature which are scaled: If a free S 1 -manifold E of dimension at least 3 is equipped with such a metric, then the orbits are totally geodesic submanifolds of E (see [3] , Theorem 9.59) and the induced metric on the orbit space E=S 1 has positive scalar curvature. This observation will be used at various places in the following discussion. In general, if the vertical part (tangent to the fibres) of the metric on E is multiplied by a constant factor e 2 (we call the resulting Riemannian manifold E e ), then the norm kAk 2 is multiplied by e 2 . In particular, shrinking the fibres S 1 increases the scalar curvature on E and if s B > 0 and B is compact, then there is some constant e 0 > 0 so that s E e > 0, if 0 < e < e 0 . Also, if an S 1 -invariant metric of positive scalar curvature is scaled, then the scale can be decreased arbitrarily while preserving the positive scalar curvature property.
Note that the additional normal symmetries described in part (ii) of Definition 21 need only be defined locally around the respective fixed point sets. These additional symmetries will considerably faciliate our later analytic arguments. We consider normally symmetric S 1 -invariant metrics as the ''naturally occuring'' ones. This will become clear in the proof of Lemma 24. As a first illustration we provide the following example.
Example 22. Let V be a unitary S 1 -representation. Then the induced S 1 -invariant metric on the representation sphere SðV Þ (equipped with the restricted S 1 -action) is normally symmetric in codimension 2.
Neither of the restrictions formulated in Definition 21 are serious. This is the content of the following two lemmas. We split TM into V and its orthogonal complement H. For a moment we restrict attention to a tube S 1 Â H DðV Þ H M of the action. After pulling back the metric g along the orbit map
we get a metric on S 1 Â DðV Þ which is invariant under the free S 1 -action on the first factor. Let h be the induced quotient metric on DðV Þ. We set n :¼ dim M. The argument from [2] , Section 9, shows that the metric After this preparation, let dt 2 be the metric on V with respect to which X has constant length 1. An application of the O'Neill formula together with the previous local argument shows that there is a constant e 0 > 0 so that the metric Concerning the construction of normally symmetric metrics of positive scalar curvature, we have the following variant of the surgery principle from Section 2. We formulate this result directly in the form needed in Section 5.
Lemma 24. Let Z be a compact S 1 -bordism satisfying condition C between the closed S 1 -manifolds X and Y . Assume that X carries an invariant metric of positive scalar curvature which is normally symmetric in codimension 2. If Z admits a decomposition into special S 1handles (starting from X Â ½0; 1) of codimension at least 3, then Y also carries an invariant metric of positive scalar curvature which is normally symmetric in codimension 2.
Proof. The decomposition of Z into special S 1 -handles of codimension at least 3 implies that Y is obtained from X by performing equivariant surgeries of codimension at least 3 along embedded submanifolds of the form
If d ¼ 0, then this attaching locus is empty and the surgery step produces a new component
We show at first that these S 1 -manifolds S admit S 1 -invariant metrics of positive scalar curvature which are normally symmetric in codimension 2.
Let K H S 1 be closed and let F ¼ S K H S be a component of codimension 2. Then K H H (otherwise S K would be empty) and W admits an orthogonal splitting
Because Z satisfies condition C, Lemma 20 implies that ðW K Þ ? has the induced structure of a unitary H-representation.
We now consider the orthogonal S 1 -action on
which is given by complex multiplication on the second summand. The restriction of this S 1 -action to SðW Þ commutes with the H-action. Furthermore, this S 1 -action on SðW Þ has fixed point set SðW Þ K and leaves the usual round metric on SðW Þ invariant. In this way we obtain an S 1 -action s on S by letting S 1 act on the SðW Þ-factor of
. This action commutes with the original S 1 action on S (acting on the S 1 -factor), leaves the positive scalar curvature metric on S constructed in the proof of Theorem 2 invariant (recall that this is a Riemannian submersion metric on the fibre bundle SðW Þ ,! S 1 Â H À D 0 Â SðW Þ Á ! S 1 =H) and has fixed point set
This finishes the discussion of S 1 -handles of dimension 0 in Z.
From now on, we concentrate on S 1 -handles in Z that are of dimension at least 1.
We need to prove the following fact: Let M be a closed S 1 -manifold equipped with an invariant metric of positive scalar curvature which is normally symmetric in codimen-sion 2. If M 0 is obtained from M by equivariant surgery of codimension at least 3 along an S 1 -equivariant embedding
with d À 1 f 0 (i.e. S dÀ1 3 j), then M 0 also carries an invariant metric of positive scalar curvature which is normally symmetric in codimension 2. We argue as follows.
At first notice that it su‰ces to treat the case when there is a closed subgroup K H S 1 and a codimension-2 component F H M K (for brevity we will call such submanifolds fixed codimension-2 components) such that
Otherwise we could assume that imðfÞ would be disjoint from any fixed codimension-2 component of M and this would imply that the S 1 -handle S 1 Â H À D d Â DðW Þ Á would have no fixed codimension-2 components, either. Hence there would be nothing to prove.
We may assume (up to G-isotopy) that f maps the radial lines in the fibres of the
to unit speed geodesics in M that are orthogonal to f À
be those fixed codimension-2 components (with certain-necessarily distinct-subgroups The constructions in the proof of Theorem 2 preserve all these S 1 -symmetries of f Ã ðgÞ: This is clear for the submersion metrics on the sphere bundles
which are constructed in the proof of Theorem 2 and hence also for the metric on
which interpolates (via the bending outward process) between the metric f Ã ðgÞ and a submersion metric of the above form (with small e).
This finishes the proof of Lemma 24. r
The main result of this section reads as follows.
Theorem 25. Let M n be a closed fixed point free S 1 -manifold of dimension n f 3 and let f : The remainder of this section is devoted to a proof of Theorem 25.
Let g be an invariant metric of positive scalar curvature on M which is scaled and normally symmetric in codimension 2. As before we assume that f maps the radial lines in DðW Þ to unit speed geodesics in M orthogonal to f À S 1 Â H ðS nÀ3 Â 0Þ Á H M and that imðfÞ is contained in an S 1 -invariant tubular neighbourhood of f À S 1 Â H ðS nÀ3 Â 0Þ Á that is equipped with an additional S 1 -action s as described in Definition 21. We still denote the original S 1 -action on M by t. We thus obtain corresponding actions t and s on
that are induced by rotation actions on the factors S 1 and DðW Þ respectively. Because W is a unitary H-representation, the induced H-action on DðW Þ commutes with s (this also follows from the requirement that the actions t and s commute).
Recall that the induced metric f Ã ðgÞ (that we will denote by g from now on) on the total space of the S 1 -equivariant fibre bundle
need not be a Riemannian submersion metric and-contrary to the surgery principle explained in Section 2-the consideration of such a metric does not seem to be of much use for our purposes because the representation sphere SðW Þ is of dimension one and hence does not carry a Riemannian metric of positive scalar curvature.
From now on, we will write S instead of S nÀ3 for simplicity. On the orbit space
we obtain an induced metric of positive scalar curvature away from the singular locus S Â 0 because g is scaled. In a first step we will deform this metric near the singular locus so that it can be extended to a smooth metric of positive scalar curvature on S Â D 2 . Here we identify the cone factor DðW Þ=H with D 2 . Roughly speaking, this deformation is possible because the tip of the cone DðW Þ=H can be viewed as a source of a large amount of positive scalar curvature which can be distributed over a neighbourhood of the singularity in DðW Þ=H.
One of the main technical problems is the extension of the induced metric on
=H to a smooth metric on S Â D 2 in a well controlled way. At this point we make essential use of the additional rotation symmetry (induced by s) of this metric.
The metric g can be pulled back along the quotient map
and yields a metric on S 1 Â À S Â DðW Þ Á which is invariant under the usual S 1 -rotation actions on S 1 and on DðW Þ.
After dividing out the (free) S 1 -action on the S 1 -factor (this action is lifted from t), we get an induced metric h on S Â DðW Þ which is of positive scalar curvature (because the action t is scaled) and invariant under the rotation action on the DðW Þ-factor. Proof. Under the conversion of polar into cartesian coordinates
x ¼ r cos y;
y ¼ r sin y on DðW Þ, the first of the displayed terms is transformed into the sum of those components of the metric 2-tensor of À S Â À DðW Þn0 Á ; h Á containing du i dx or du i dy and the second of the displayed terms is transformed into the sum of those components containing dx 2 , dx dy and dy 2 . Because hj SÂðDðW Þn0Þ obviously extends to S Â DðW Þ, each of these seperate summands extends to a smooth ð0; 2Þ-tensor on S Â DðW Þ. r
Using the standard identification DðW Þ=H ¼ D 2 which is induced by the map
which is a di¤eomorphism on S Â À DðW Þn0 Á =H. Hence (and because W is a unitary H-representation), the metric h induces a metric q on S Â ðD 2 n0Þ which is given by q ¼ P a ij du i du j þ 1 jHj P b i du i dy þ dr 2 þ g 2 jHj 2 dy 2 using again polar coordinates ðr; yÞ on D 2 n0 and the fact that g is independent of y. This metric cannot be extended to a smooth metric on S Â D 2 . One reason is that the partial derivative
is di¤erent from 1 (this fact corresponds to the conelike form of this metric). For a general comparison of metrics given in polar and cartesian coordinates, see [23] , 1.3.4. However, this failure can be remedied by using a ''bending inwards''-process of the following form.
We fix the slope c :¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi jHj 2 À 1 q jHj and consider the a‰ne function k : ½0; 1 ! R; r 7 ! Àcr þ c:
Taking into account that 1 jHj 2 þ c 2 ¼ 1;
the metric q away from the singular locus S Â 0 is the induced metric on the hypersurface ÈÀ ðu; r; yÞ; t Á A À S Â ðD 2 n0Þ;Á Â ðR; dt 2 Þ j ðr; tÞ ¼ À r; kðrÞ ÁÉ :
Here we use the metric
on S Â ðD 2 n0Þ and the canonical metric dt 2 on R.
The first statement of the following lemma is the main reason why g was assumed to be normally symmetric.
Lemma 27. The metricextends to a smooth metric on S Â D 2 . With respect to this metric, the subset S Â 0 H S Â D 2 is a totally geodesic submanifold and the radial lines in S Â D 2 are geodesics of constant speed 1 jHj .
Proof. The first claim follows from Lemma 26. Moreover, S Â 0 is a totally geoedesic submanifold becauseis invariant under the rotation action on the D 2 -factor induced by s.
For proving the last claim, we must show that ' q r q r ¼ 0 where ' is the connection induced byq q. But this follows directly from the Koszul formula, the definition ofand the fact that radial lines are (unit speed) geodesics for the metric q. r
In this picture, the bending inwards process amounts to replacing the preceding hypersurface by a smooth Riemannian submanifold S H ðS Â D 2 ;q qÞ Â ðR; dt 2 Þ as follows. Let l : ½0; 1 ! R f0 ; r 7 ! lðrÞ; be a smooth function which has the following properties: There is a positive constant C so that (i) the function ½À1; 1 7 ! R, s 7 ! lðjsjÞ, is smooth, (ii) the second derivative of l is nonpositive and bounded in absolute value by 2C, (iii) there are positive constants e, m so that lðrÞ ¼ kðrÞ, if m þ e e r e 1 and lðrÞ ¼ lð0Þ À Cr 2 for 0 e r e m.
The numbers m, e and C are to be specified later. For brevity we will refer to such a function l as a profile of width m, with bending parameter C and of adjusting length e. The following fact is elementary. Then for any e > 0, there exists a profile l with bending parameter C, of width smaller than m and of adjusting length smaller than e. For r A ½0; 1 we denote by YðrÞ A ½0; p=2Þ the angle between the graph of l and the r-axis at the point À r; lðrÞ Á and by kðrÞ ¼ dY dx the curvature of graphðlÞ at À r; lðrÞ Á . Here x parametrizes the graph of l as a unit speed curve in R 2 with initial point ð1; 0Þ. Because l 00 e 0, the function kðrÞ is nonpositive for any profile l.
Depending on a given profile l, we now consider the smooth Riemannian submanifold be an orthonormal frame with respect to the metricq qj SÂ0 ð¼ hj SÂ0 Þ. We get a family ðe 1 ; . . . ; e m Þ of orthonormal fields on U Â D 2 that are tangential to the submanifolds S Â S 1 r , r A ð0; 1, by parallel transport along radial lines. The fields e 0 mþ1 ðu; r; yÞ :¼ jHj gðu; rÞ Á q y ; e mþ2 :¼ jHj Á q r complete this to a family of vector fields ðe 1 ; . . . ; e m ; e 0 mþ1 ; e mþ2 Þ defined on U Â ðD 2 n0Þ and of unit length. This need not be an orthonormal frame. Indeed, e 0 mþ1 is orthogonal to e mþ2 , but it need not be orthogonal to the fields e 1 ; . . . ; e m , as the submanifolds fug Â D 2 H U Â D 2 need not be totally geodesic. However, there is a vector field e mþ1 on U Â ðD 2 n0Þ that is tangential to the submanifolds S Â S 1 r , that satisfies lim r!0 ke mþ1 ðu; r; yÞ À e 0 mþ1 ðu; r; yÞk ¼ 0 for each fixed ðu; yÞ and that yields an orthonormal frame ðe 1 ; . . . ; e m ; e mþ1 ; e mþ2 Þ on U Â ðD 2 n0Þ: The vector e mþ1 ðu; r; yÞ is given by parallel transport along the radial line
of the vector in T ðu; 0Þ ðU Â D 2 Þ which is tangential to fug Â D 2 (hence orthogonal to S Â 0) and includes an angle of p=2 with l y . We denote by s SÂD 2 the scalar curvature of ðS Â D 2 ;q qÞ and by s SÂS We need to describe the behaviour of the relevant geometric quantities near r ¼ 0.
Lemma 30. (i) For fixed ðu; yÞ and varying r, we have K SÂS 1 r ¼ ÀjHj=r þ Oð1Þ. Furthermore, the remainder term Oð1Þ depends continuously on ðu; yÞ and hence defines a continuous function S Â D 2 ! R which vanishes on S Â 0.
(ii) The scalar curvature s SÂS 1 r is uniformly bounded with respect to r > 0 and all ðu; yÞ.
Proof. For fixed ðu; yÞ and varying r A ð0; 1, we consider the previously described orthonormal base ðe 1 ; . . . ; e m ; e mþ1 ; e mþ2 Þ of T ðu; r; yÞ ðS Â D 2 Þ. Recall that e 1 ; . . . ; e m are actually smooth vector fields on the whole of U Â D 2 . For 1 e i; j e m þ 1, let a ij ðrÞ :¼ h' e i e j ; e mþ2 i be the components of the second fundamental form of S Â S 1 r H ðS Â D 2 ;q qÞ at the point ðu; r; yÞ. In a first step we show that for 1 e i; j e m we have (i) a ij ðrÞ ¼ OðrÞ,
(ii) a mþ1; j ðrÞ ¼ Oð1Þ, (iii) a mþ1; mþ1 ðrÞ ¼ ÀjHj=r þ Oð1Þ.
These expansions are proved as follows. For each 1 e i; j e m the expression ' e i e j defines a smooth vector field on U Â D 2 which is tangential to S Â 0, because this is a totally geodesic submanifold of S Â D 2 (see Lemma 27) . This proves equation (i).
For equation (ii) notice that the restriction e mþ1 j UÂð0; 1Âfyg can be extended to a smooth vector field on U Â ½À1; 1 Â fyg by parallel transport along radial lines. Hence, the smooth function a mþ1; j ðu; À; yÞ : ð0; 1 ! R extends to ½À1; 1.
For proving the third equation, it is enough (using points (i) and (ii)) to show the asymptotic expansion h' e 0 mþ1 e 0 mþ1 ; e mþ2 i ¼ À jHj r þ Oð1Þ;
we recall (see Lemma 27) that the radial lines ½0; 1 ! ðS Â D 2 ;q qÞ; r 7 ! ðu; r; yÞ are geodesics of constant speed 1=jHj. We can therefore use the proof of [7] , Lemma 1, applied to the submanifold fug Â D 2 H S Â D 2 with the restricted metric.
It is clear, that the remainder terms in the expansions (i), (ii) and (iii) depend continuously on ðu; yÞ.
Using these asymptotic expansions, the first claim of Lemma 30 is immediate and the second claim follows from the Gauss equation
where Kðe i ; e j Þ denotes the sectional curvature of the plane spanned by e i and e j . Here it is crucial that a ii ðrÞa mþ1; mþ1 ðrÞ ¼ Oð1Þ for all 1 e i e m and thatis a smooth metric on the whole of S Â D 2 which is (of course) bounded in the C 2 -norm so that these sectional curvatures are uniformly bounded on S Â D 2 . r
We remark that in principle, this proof works for any smooth metric on S Â D 2 with respect to which S Â 0 is totally geodesic. The normal symmetry of g was mainly used in order to construct such a metric from the conelike metric on S Â À DðW Þ=H Á induced by g.
We are now in a position to show that the profile l can be chosen such that the corresponding hypersurface S has positive scalar curvature. First we observe that for a profile l with bending parameter C, Lemma 30 implies for all ðu; yÞ the important asymptotic expansion
Furthermore, the function on the left-hand side extends to a continuous function on S Â D 2 .
Lemma 31. Let l 1 , l 2 be two profiles with bending parameters C 1 and C 2 and of widths m 1 and m 2 , respectively. If C 1 e C 2 , then 0 f 2k 1 ðrÞ sin Y 1 ðrÞ f 2k 2 ðrÞ sin Y 2 ðrÞ for 0 e r e minðm 1 ; m 2 Þ.
Proof. For 0 e r e minðm 1 ; m 2 Þ, both profiles are in the standard form l 1 ðrÞ ¼ l 1 ð0Þ À C 1 r 2 ; l 2 ðrÞ ¼ l 2 ð0Þ À C 2 r 2 : r This lemma together with the preceding asymptotic expansion make clear that there are C; m > 0 so that for any profile l with bending parameter C f C and width m e m, we have 2kðrÞ sin YðrÞ Á K SÂS 1 r ðu; yÞ f js SÂD 2 ðu; r; yÞj þ js SÂS 1 r ðu; yÞj þ 1 for all 0 < r e m and all ðu; yÞ. Note that the right-hand side of this equation as well as the value of K SÂS 1 r ðu; r; yÞ are independent of the particular profile l. Using Lemma 28 we can choose a profile with data C, m satisfying these conditions. Furthermore, we get K SÂS 1 r ðu; yÞ < 0 for 0 < r e m and all ðu; yÞ.
Again referring to Lemma 28, we can assume that the adjusting length of l is arbitrarily small. This is helpful because there is a constant s > 0 so that for any profile l we have cos 2 YðrÞ Á s SÂD 2 ðu; r; yÞ þ sin 2 YðrÞ Á s SÂS 1 r ðu; yÞ f s as long as r f m þ e (this is the region where l ¼ k, so in particular the left-hand side of this inequality is the scalar curvature of the metric q). Here we use the fact that s ðSÂðD 2 n0Þ; qÞ is bounded below by the same constant s as the scalar curvature of
of course extends to a positive scalar curvature metric on S Â DðW Þ and consequently s > 0. Using the inequality jl 00 j e 2C, which holds for any profile with bending parameter C, we know that for small enough e, the angle YðrÞ changes so little in the region r A ½m; m þ e that the previous sum is larger than s=2 > 0 for all r f m. Because we can additionally assume that m þ e e m, we conclude (by Lemma 29) that the hypersurface S has positive scalar curvature for r f m (this uses kðrÞ e 0 for any profile and any r). But once r e m, we are in the safe region where the last term In order to complete the proof of Theorem 25, we choose a trivialization of the S 1 -principal bundle
Now we pick an S 1 -principal connection o on the total space of the trivial S 1 -principal bundle
which-after applying the above trivialization-coincides near the boundary S 1 Â ðS nÀ3 Â S 1 Þ with the S 1 -connection on the total space of
which is induced by viewing g as a Riemannian submersion metric on this fibre bundle.
For e > 0 we now consider the associated Riemannian submersion metric on
with fibres S 1 of constant length e, horizontal subspaces induced by o and the smooth positive scalar curvature metric on S nÀ3 Â D 2 constructed before. It follows from O'Neill that for small enough e, this metric has positive scalar curvature. Without loss of generality (possibly after shrinking the orbits in MnN) we can assume that the metric on MnN is of the same scale (without violating the positive scalar curvature property). Hence the two metrics on MnN and on S 1 Â ðS nÀ3 Â D 2 Þ can be combined such as to define an S 1invariant metric of positive scalar curvature on M 0 . This completes the proof of Theorem 25.
Fixed point free S 1 -manifolds
The main purpose of this section is to prove Theorem B from the introduction (see Theorem 35 below). This proof is summarized as follows. A theorem of Ossa [22] states that any oriented fixed point free S 1 -manifold M satisfying condition C is the boundary of an oriented S 1 -manifold W (possibly with fixed points). However, our Theorem A cannot be applied directly because W may contain singular strata of codimension 2 that are disjoint from M. Di¤erent ideas are needed to handle this problem. At first, we remove tubular neighbourhoods of the components of the fixed point set W S 1 (which are disjoint from M as M S 1 ¼ j). This produces new boundary components of W carrying invariant metrics of positive scalar curvature. This last statement follows from the O'Neill formula if the codimension of the corresponding fixed component in W is larger than 2, and from the structure of the oriented bordism ring of free S 1 -manifolds, which will be explained in the proof of Proposition 33 below, if this codimension is equal to 2 (we can assume that the action on W is e¤ective). Let Z be the resulting fixed point free bordism. Unfortunately, the remaining codimension-2 singular strata can be embedded in Z in a complicated way. For example, their closures may have nonempty intersections with each other (cf. Example 4) . The resulting problems can be circumvented by cutting out small equivariant tubes in Z max connecting M with those codimension-2 singular strata that are disjoint from M. In this way, we add new singular strata to M, but in any case Theorem A can be applied. Consequently, the manifold M 0 obtained from M by adding these singular strata (and adding certain free 2-handles, but we ignore this step for the moment) admits an S 1 -invariant metric of positive scalar curvature. It turns out that M can be recovered from M 0 by performing surgery steps as explained in the previous Section 4. In particular, thanks to Theorem 25, the original manifold M admits an invariant metric of positive scalar curvature. The details of this argument are explained in the proof of Theorem 34.
Let us start with the following observation concerning free G-manifolds.
Lemma 32. Let M be a closed manifold equipped with a free G-action. If the identity component of G is abelian, then the following assertions are equivalent:
(i) M admits a G-invariant metric of positive scalar curvature.
(ii) M=G admits a metric of positive scalar curvature.
Proof. The case of finite G is immediate. The general case is Theorem C in [2] . r Note that this fact is not true for connected nonabelian G. An easy counterexample is given by M ¼ SUð2Þ Â S 1 with a bi-invariant Riemannian metric on SUð2Þ (which has positive scalar curvature) and SUð2Þ acting freely on the first factor in SUð2Þ Â S 1 .
Before we state the next proposition, we remind the reader of the following basic fact (cf. [4] ). Let M and N be closed oriented manifolds equipped with free orientation preserving G-actions. Then the following assertions are equivalent:
(i) There is a compact oriented G-bordism W between M and N such that G acts freely and orientation preserving on W . The following proposition contains our first general existence result of invariant metrics of positive scalar curvature on S 1 -manifolds.
Proposition 33. Let M be a closed oriented free S 1 -manifold of dimension at least 6 which is simply connected and does not admit a spin structure. Then M carries an S 1invariant metric of positive scalar curvature.
Proof. We give two proofs of this fact.
The long exact homotopy sequence of the S 1 -fibration
shows that M=S 1 is also simply connected. Furthermore,
with a trivial line bundle R, and hence M=S 1 does not admit a spin structure by an easy characteristic class calculation. By the Gromov-Lawson theorem stated in the introduction, M=S 1 admits a metric of positive scalar curvature and by Lemma 32, the manifold M admits an S 1 -invariant metric of positive scalar curvature.
The second proof is independent of [2] and a little longer, but can later be generalized to a wider class of actions.
By a standard use of the Atiyah-Hirzebruch spectral sequence,
is a graded polynomial ring in indeterminates x i of degree 2i (recall that BS 1 ¼ CP y ). The variable x i can be assumed to correspond to the free S 1 -bordism class represented by the sphere
equipped with the standard free S 1 -action. Obviously, these manifolds carry S 1 -invariant metrics of positive scalar curvature. Together with the fact that each element in W SO Ã can be represented by a manifold admitting a positive scalar curvature metric (see [7] ), this implies that each element in W SO Ã ðBS 1 Þ is represented by a free S 1 -manifold carrying an invariant metric of positive scalar curvature.
We conclude that the given manifold M is bordant to an S 1 -manifold admitting an invariant metric of positive scalar curvature and moreover the bordism W can be assumed to be an oriented free S 1 -manifold. We need to show that W can be improved in such a way that the inclusion M ,! W is a 2-equivalence.
Because CP y is simply connected, we can kill the fundamental group in W =S 1 by surgeries over (i.e. with reference maps to) CP y .
Comparing the long exact homotopy sequences induced by the commutative diagram of fibrations 
which is induced by the reference map W =S 1 ! CP y . Before we can kill c by surgery over CP y we must make sure that l ¼ 0 (this would be automatic if we replaced S 1 by a finite group G because then p 2 ðBGÞ ¼ 0) and that the normal bundle of S 2 H W =S 1 is trivial.
In order to achieve these requirements we consider the commutative diagram is the obvious map. This will preserve the property that l ¼ 0 because the composition
This shows that we can indeed kill c by surgery over CP y . Because p 2 ðW =S 1 Þ is finitely generated, we can therefore (after finitely many surgery steps) assume that the inclusion
is a 2-equivalence and the same is then true for the inclusion M ,! W . An application of Theorem 15 finishes the proof of Proposition 33. r Before we generalize the last proposition to fixed point free S 1 -manifolds, we show that assumption (iii) in Theorem 15 can be avoided in the case of fixed point free S 1 -actions whose union of maximal orbits is simply connected and not spin. Here the surgery procedure explained in Section 4 will be used.
Theorem 34. Let Z be a compact connected oriented fixed point free S 1 -bordism between the closed S 1 -manifolds X and Y . Assume that Z satisfies condition C and that the following hold:
(ii) The union of maximal orbits Y max is simply connected and does not admit a spin structure.
Then, if X admits an S 1 -invariant metric of positive scalar curvature which is normally symmetric in codimension 2, the same is true for Y .
Proof. Let n ¼ dim X (i.e. dim Z ¼ n þ 1). By Lemma 23 we may assume that the given metric on X is scaled. Now let F H Z be a codimension-2 singular stratum in Z (i.e. dim F ¼ n À 1) which has empty intersection with Y and is therefore problematic in view of Theorem 15. By assumption, the isotropy group H H S 1 of F is finite. Let W H F be an orbit. It follows from the slice theorem that W has an S 1 -invariant closed tubular neighbourhood N in Z which is S 1 -di¤eomorphic to
where W is a one dimensional unitary H-representation (because the given action on Z satisfies condition C) and S 1 acts only on the S 1 -factor. We can assume that the S 1 -action on Z is e¤ective and hence H acts e¤ectively on W . The idea is to alter Z by cutting out an equivariant tube in Z max which connects N and Y .
We write
and use the H-invariant subset
½0; 1=2 Â TÞ H qN (the subscript at D nÀ2 indicates restriction of the radial coordinate). The S 1 -principal bundle
is trivial. Hence, by the connectivity of Z max =S 1 , there exists an orientation preserving S 1 -equivariant embedding C : ðS 1 Â D nÀ1 Þ Â ½0; 1 ! Z max (with S 1 -acting freely on the S 1 -factor) which restricts to an S 1 -equivariant di¤eomorphism
and to an embedding
We now consider the S 1 -bordism
In this bordism, the manifold Y is replaced by another manifold Y 0 which contains a new codimension-2 singular stratum
We claim that Y can be recovered from Y 0 by resolving S. The argument goes as follows:
The construction of Y 0 yields an embedding
of a tubular neighbourhood of S H Y 0 and the manifold Y 0 nimðf 0 Þ can be written as
The S 1 -action on A is free and the quotient space
. Because n f 6 by assumption, all principal S 1 -bundles over A=S 1 are isomorphic and hence there is an
We conclude that there is an S 1 -equivariant di¤eomorphism
is an S 1 -equivariant orientation preserving embedding whose image is contained in the S 1 -equivariant coordinate chart
and this proves that Y can be recovered from Y 0 by a resolution of S.
In particular (using Theorem 25), if we can show that Y 0 admits a scaled S 1 -invariant metric of positive scalar curvature which is normally symmetric in codimension 2, the same holds for Y .
Because the embedded S 1 -manifold
is contained in an S 1 -equivariant coordinate chart, it can be assumed to be disjoint from some embedded 2-sphere in Y max with nontrivial normal bundle (such a 2-sphere exists because Y max does not admit a spin structure). This implies that Y 0 max does not admit a spin structure, either. We would like Y 0 max to be simply connected, too. However, this need not be the case due to the existence of a non-nullhomotopic linking sphere
But this problem can be solved as follows: Before we perfom the cutting-out procedure on Z, we attach a free S 1 -equivariant 2-handle S 1 Â ðD 2 Â D nÀ2 Þ to S 1 Â ðS nÀ3 Â D 2 Þ H Y max H qZ (here we suppress the identification f) along
where f1g Â ðS 1 Â D nÀ2 Þ is identified with a small tubular neighbourhood of f1g Â fpg Â S 1 1=2 H f1g Â S nÀ3 Â D 2 . Here, p A S nÀ3 is an arbitrary point and S 1 1=2 H D 2 is the circle of radius 1=2. The space which is obtained from Z by attaching this free 2-handle is denoted byZ Z. By construction, we can attach a further free S 1 -equivariant 3-handle toZ Z which may be cancelled against the previously attached 2-handle. Furthermore (by a backward use of the Seifert-van Kampen Theorem)
whereỸ Y is the space obtained from Y by performing the surgery associated to the additional free 2-handle (this can be assumed not to a¤ect the subset S 1 Â ðS nÀ3 Â D 2 ½0; 1=4 Þ H Y ). The old cutting out process on Z can also be performed on the new bordismZ Z because it can be assumed only to a¤ect the part S 1 Â ðS nÀ3 Â D 2 ½0; 1=4 Þ HỸ Y :
The same procedure (i.e. attaching a free dummy 2-handle and cutting out a certain part of the bordism) is now applied to all other singular strata of codimension 2 in Z. In this way, we end up with an S 1 -bordism Z 0 in which all singular strata of codimension 2 have nonempty intersection with Y 0 and Y 0 max is simply connected and does not admit a spin structure.
We now attach equivariant handles to Z 0 max as in the proof of Proposition 33 to make sure that the inclusion Y 0 max ,! Z 0 max is 2-connected. Here we note that Z 0 max has finitely generated fundamental group and homology groups so that in any case, only finitely many surgery steps on Z 0 max =S 1 are needed.
Theorem 15 together with its refinement formulated in Lemma 24 implies that Y 0 admits a scaled S 1 -invariant metric of positive scalar curvature which is normally symmetric in codimension 2. By Theorem 25, this also holds for the manifold obtained from Y 0 by resolving the singularities created by the cutting out processes. But then, as explained before, the attachment of the dummy free 2-handles (which we can assume to be disjoint from each other) can be neutralized by attaching free 3-handles. These handles have codimension cohðY ; S 1 Þ À 2 which is at least 3 by assumption. Therefore, using the equivariant surgery principle, Theorem 2, this step also preserves the S 1 -invariant scalar curvature metric and the resulting space-which can be identified with Y -indeed carries an S 1 -invariant metric of positive scalar curvature. r
The following is Theorem B from the introduction.
Theorem 35. Let M be a closed fixed point free S 1 -manifold satisfying condition C and of cohomogeneity at least 5. If M max is simply connected and does not admit a spin structure, then M admits an S 1 -invariant metric of positive scalar curvature.
Proof. Without loss of generality, the given S 1 -action on M is e¤ective. Because M satisfies condition C, the singular strata in M are of codimension at least 2 and hence M is simply connected by a general position argument. In particular, it is an orientable S 1 -manifold. By [22] , Satz 1, the manifold M is the boundary of an oriented (connected) S 1 -manifold W satisfying condition C. Let F 1 ; . . . ; F k be the components of W S 1 . By assumption, these are disjoint from M. We cut out pairwise disjoint S 1 -invariant tubular neighbourhoods N i of F i in W . This yields an oriented fixed point free bordism satisfying condition C from M to another S 1 -manifold with components qN i , 1 e i e k. Each N i is the total space of a unitary S 1 -equivariant fibre bundle V i ,! N i ! F i with a unitary S 1 representation V i . If the codimension of F i is larger than 2, then qN i carries an S 1 -invariant metric of positive scalar curvature which is normally symmetric in codimension 2 by the O'Neill formula in combination with dim SðV i Þ f 2 and Example 22. If codim F i ¼ 2, then, because the action on W is e¤ective, the S 1 -action on V i is e¤ective and therefore the induced action on qN i is free. As explained in the second proof of Proposition 33, qN i is then freely and oriented bordant to a free S 1 -manifold admitting an invariant metric of positive scalar curvature. Now Theorem 35 follows from Theorem 34. r One might ask whether Theorem 35 can be proven without the somewhat involved discussion of codimension-2 singular strata in Section 4 and Theorem 34 under the assumption that M does not contain such strata. But a closer look at [22] reveals that in general (depending on the dimensions of the isotypical summands of the normal representations around the singular strata in M) the zero bordism W does contain codimension-2 singular strata with finite isotropies, even if M does not.
Unfortunately, we do not have such a general existence result for S 1 -manifolds with fixed points. One can check that the oriented S 1 -bordism ring (always restricting to actions satisfying condition C) is generated by S 1 -manifolds admitting S 1 -invariant metrics of positive scalar curvature. This follows from an inspection of the generators constructed in [12] . However, if we express a given S 1 -manifold without codimension-2 singular strata in terms of these generators, it might happen that generators with codimension-2 singular strata do appear and this leads to S 1 -handle decompositions of the given S 1 -bordism containing handles of codimension 0 or 2, cf. Proposition 17. However, we do not know if a surgery principle as explained in Section 4 exists for S 1 -manifolds with fixed points (note that invariant metrics on such manifolds can never be scaled).
In some special situations, one can construct the necessary bordisms by hand. For example, we have the following result for semifree S 1 -manifolds with isolated fixed points.
Theorem 36. Let M be a closed simply connected non-spin manifold of even dimension at least 6 and equipped with a semifree S 1 -action (i.e. the action has either free or fixed orbits) with only isolated fixed points. Then M admits an S 1 -invariant metric of positive scalar curvature.
Proof. Let 2n be the dimension of M. After removing small invariant discs around the fixed points and dividing out the free S 1 -action, we get a zero bordism over BS 1 of a disjoint union of copies of GCP nÀ1 where the reference maps to BS 1 classify the tautological line bundle over CP nÀ1 . This classifying map CP nÀ1 ! BS 1 generates a Z-summand in W SO 2nÀ2 ðBS 1 Þ and therefore we get as many À-signs as we get þ-signs. By pairwise connecting a positively oriented fixed point with a negatively oriented one by thin tubes we obtain an oriented S 1 -bordism W from a free S 1 -manifold N to the given manifold. Using the structure of W SO Ã ðBS 1 Þ (cf. the second proof of Proposition 33) we can assume (possibly after adding a free oriented S 1 -bordism to N) that N has an invariant metric of positive scalar curvature. Furthermore, by an argument similar to the second proof of Proposition 33, the inclusion M max ,! W max can be assumed to be a 2-equivalence. Theorem 15 now implies that the manifold M admits an S 1 -invariant metric of positive scalar curvature because assumption (iii) obviously holds. r
